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Abstract
Multigravity theories are constructed from the discretization of the extra dimension of five-dimensional gravity. Using an
ADM decomposition, the discretization is performed while maintaining the four-dimensional diffeomorphism invariance on
each site. We relate the Goldstone bosons used to realize nonlinearly general covariance in discretized gravity to the shift fields
of the higher-dimensional metric. We investigate the scalar excitations of the resulting theory and show the absence of ghosts
and massive modes; this is due to a local symmetry inherited from the reparametrization invariance along the fifth dimension.
 2004 Published by Elsevier B.V.
1. Introduction
Since the work of Pauli and Fierz [1], it is known that the consistency of theories with spin 2 fields is highly non-
trivial. A manifestly covariant Lagrangian formulation relies on a symmetric rank 2 tensor which contains a priori
ten degrees of freedom. Using kinetic terms with four local invariances results in constraints which diminish the
number of degrees of freedom to six. The additional scalar degree of freedom turns out to be a ghost whose elimi-
nation, at the linear level, dictates the Pauli–Fierz quadratic combination. Boulware and Deser [2] have argued that
the incorporation of self interaction generically results in the reappearance of the pathologic scalar degree of free-
dom. The same reasons render the consistency of multigravity theories [3–6], with many interacting metrics, highly
non-trivial. Higher-dimensional Einstein gravity when compactified to four dimensions results in a finite number
of massless modes among whom is a graviton and an infinite tower of massive modes. The truncation to a finite
number of modes is however inconsistent [7,8]. On the other hand a procedure has been recently proposed to obtain
from five-dimensional Yang–Mills theories a four-dimensional theory which approach the five-dimensional one in
the infrared and which has a finite number of modes. The key point in the approach is to replace the extra component
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the fifth dimension. The goal of the present Letter is to present such a construction for five-dimensional gravity and
to see to which extend the consistency of the higher-dimensional theory descends to the discretized version.
Our starting point will be the 4 + 1 ADM decomposition [9] of the five-dimensional metric, which will be
much more convenient than the Kaluza–Klein splitting. In particular we will show the analogy between the shift
vector in the gravity side and the fifth component of the gauge field in the Yang–Mills side. The bifundamental
scalars in the Yang–Mills side can be seen as providing a mapping from fundamentals of a gauge group on a site to
the fundamentals of the gauge group on the neighbouring site. We will show that the corresponding object in the
gravity side is a mapping from one four-dimensional manifold located on a site in the discrete extra dimension to
the neighbouring one. The map reduces in the continuum limit to the shift vector of the ADM decomposition.
The Letter is organized as follows. Section 2 is devoted to the introduction of the 4 + 1 ADM decomposition of
the 5D metric and the transformations of the various resulting fields under the 5D diffeomorphisms. In Section 3
we show how to discretize the 5D Einstein–Hilbert action while maintaining 4D diffeomorphism invariance on
each site. We relate the link fields [10] used to realize non-linearly 4D general covariance to the shift vector field
of the ADM formalism. In Section 4 we discuss the spectrum of the resulting action. We exhibit, at the quadratic
level, an additional local symmetry inherited from the reparametrization invariance along the fifth dimension. This
symmetry is crucial to show the absence of ghosts and massive scalar modes. Our analysis suggests to reconsider
previous work [11] on strong coupling effects in these theories.
2. ADM decomposition and invariances
Let us briefly recall the ADM splitting of the five-dimensional metric g˜ and the corresponding expression for
the Einstein–Hilbert action
(1)SEH = M3(5)
∫
d5X
√−g˜ R˜.
Above, and in the following, we use expressions with a tilde for denoting quantities of the 5D continuum theory,
like the 5D metric g˜AB , upper case latin letters from the beginning of the alphabet, A,B,C, . . . to denote 5D
indices and lower case greek letters, µ,ν,α, . . . will be denoting 4D indices. We consider a foliation of the five-
dimensional manifold by four-dimensional ones, Σy , located at given y . Each slice has its four-dimensional metric
gµν(x, y). The distance between the manifolds Σy and Σy+δy is denoted by N δy defining the lapse field N . The
normal to Σy at a point with 4D coordinates xµ hits Σy+δy at a point with coordinates which in general differ
from xµ by a vector Nµδy which defines the shift field (see Fig. 1). In brief, the fields N , Nµ and gµν are related
to components of the 5D metric g˜AB by
Fig. 1. The points P and P ′ have 4D coordinates xµ , Q is on the normal to Σy at P .
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(3)g˜µy = Nµ ≡ gµαNα,
(4)g˜yy =N 2 + gµνNµNν.
After an integration by part, the 5D Einstein–Hilbert action (1) can be written as
(5)M3(5)
∫
d4x dy
√−gN {R + KµνKαβ(gµνgαβ − gµαgνβ)},
where Kµν is the extrinsic curvature of surfaces Σy :
(6)Kµν = 12N
(
g′µν − DµNν − DνNµ
)
,
where Dµ is the covariant derivative associated with the induced metric gµν and a prime denotes an ordinary
derivative with respect to y . The equations of motions derived from action (5) varying with respect to N , Nµ and
gµν yield, respectively
(7)R = K2 − KρσKσρ ,
(8)DµK = DνKµν ,
Gµν = 12gµν
(
K2 − KρσKσρ
)+ DµDνN − gµνDρDρNN − gρµgσν
∂y{√−g(Kgρσ − Kρσ )}
N√−g
− 2
N
{
Dν(NµK)− Dρ
(
Kρν Nµ
)− 1
2
gµνD
ρ(KNρ)+ 12D
ρ(NρKµν)
}
(9)+ 2(KρµKρν − KKµν),
where Gµν is the Einstein tensor for four-dimensional metric gµν , and K is defined by K ≡ Kµνgµν .
We now turn to determine the transformation properties of the 4D fields under the various diffeomorphisms.
These are generated by the vector fields
(10)ξ˜ = ξA∂A = ξµ∂µ + ξ5∂y = ξ + ξ5∂y,
and act on the metric as
(11)δg˜AB = Lξ˜ g˜AB = ξ˜C∂Cg˜AB + g˜AC∂Bξ˜C + g˜CB∂Aξ˜C,
where Lξ˜ is the Lie derivative with respect to ξ˜ . It will be very useful to write the corresponding transformations
for the 4D metric, the lapse and the shift fields. If we define the shift vector by
(12)N¯ = Nµ∂µ,
and the covariant derivative, Dy , by
(13)Dy = ∂y − N¯,
then, under y dependent four-dimensional diffeomorphisms, that is for ξ5 = 0, we have
(14)δgµν = Lξ gµν,
(15)δN¯ = [Dy, ξ ] = ∂yξ − [N¯, ξ ],
(16)δN = ξ(N ).
The transformation of gµν andN is as expected the one of a 4D metric and scalar, respectively. The transformation
of N¯ has however an additional term with respect to the usual one characterizing the transformation of a vector.
C. Deffayet, J. Mourad / Physics Letters B 589 (2004) 48–58 51This new term is reminiscent of the inhomogeneous term contributing to the transformation of a gauge field. Indeed
this analogy justifies the covariant derivative name we gave to Dy : suppose, for example, that φ is a 5D scalar and
consider ∂yφ, it is not a scalar under a diffeomorphism generated by ξ
(17)δ∂yφ = ∂yξ(φ) = ξ(∂yφ)+ (∂yξ)(φ),
whereas Dyφ is indeed a scalar
(18)δDyφ = δ∂yφ − (δN¯)(φ)− N¯(δφ) = ξ(Dyφ),
where we used the transformation rule of N¯ (15). Similarly if T is a tensor then LDyT is also a tensor under
4D y-dependent diffeomorphisms. One can thus view the role of N¯ as rendering possible the formulation of an
action invariant under y dependent 4D diffeomorphisms. Incidentally, this remark tells us how the shift fields enter
into the equations of motion: it suffices to replace everywhere ∂y by Dy . Notice also that, using Dy , the extrinsic
curvature can be simply expressed as Kµν = (LDygµν)/(2N ).
We next consider diffeomorphisms along the fifth dimension. In fact it is more convenient to consider
diffeomorphisms generated by Dy , that is ξ˜ = ζDy , with ζ depending on y as well as on x . A short calculation
gives the following rules
(19)δgµν = ζLDygµν, δN = Dy(ζN ),
(20)δNµ =N 2gµν∂νζ.
To end this section, let us also mention that it is also convenient to write the action (5) in the “Einstein
frame” (from the point of view of the 4D metric gµν ). This can be achieved by performing the Weyl rescaling
gµν = exp(−φ/
√
3 )γµν , with N = exp(φ/
√
3 ). Under this transformation the action (5) is rephrased into
(21)M3(5)
∫
d4x dy
√−γ
{
R(γ )− 1
2
γ µν∇µφ∇νφ + e−
√
3φQµνQαβ
(
γ µνγ αβ − γ µαγ νβ)
}
,
with
(22)Qµν = 12
{
γ ′µν − γµν
φ′√
3
− ∇µVν − ∇νVµ + γµνV ρ∇ρ φ√
3
}
(23)= 1
2
[
LDy γµν −
γµν√
3
Dyφ
]
,
V µ defined by V µ ≡ Nµ, and Vµ ≡ γµνV ν .
3. Discretization
We first review the deconstruction of gauge theories [12]. Consider a 5D non-Abelian gauge field A =
AaAta dx
A ≡ Aµ dxµ + A5 dy with gauge group, e.g., SO(M). Under a y dependent gauge transformation the
transformation rules are
(24)A′ = uAu−1 − udu−1,
where u is an element of SO(M). These reduce to the 4D y-dependent transformations for Aµ dxµ and A5, which
is a scalar viewed from 4D, has the following transformation
(25)A′5 = uA5u−1 − u∂yu−1,
which gives for an infinitesimal transformation
(26)δA5 = ∂y − [A5, ].
Note the formal analogy between (26) and (15): the Lie bracket in (15) is replaced in (26) by a matrix commutator.
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(27)W(y ′, y) = Pe
∫ y′
y A5 dy,
which transforms as
(28)W ′(y ′, y) = u(y ′)W(y ′, y)u−1(y).
The lattice version of the gauge theory is now easily obtained: one has N sites, on each site a gauge field with a
corresponding gauge group SO(M)i and on each link between neighbouring sites a scalar W(yi, yi+1) transforming
in the bifundamental of the gauge groups SO(M)i ×SO(M)i+1. One can then write an effective action for the gauge
fields and the scalars. The continuum limit is recovered when the number of sites goes to infinity and a goes to
zero; the vacuum expectation value of the scalars is then the identity:
(29)W(i, i + 1) = 1 − aA5(y)+ · · · ,
where a is the lattice spacing. In the broken phase one has a massless gauge boson corresponding to the diagonal
subgroup and a collection of massive spin one particles with masses
(30)mk = a−1 sin kπ
N
, k = 1, . . . ,N − 1.
These reproduce, in the infrared, the Kaluza–Klein spectrum of the first modes when the radius is given by aN .
We noted previously that N¯ has a transformation law which is similar to the fifth component of the gauge
potential, the gauge group being replaced by the diffeomorphism group. While the gauge field can be represented
by a matrix this is no longer true for N¯ which is rather to be thought of as an operator acting on functions on a four-
dimensional manifold. The gauge Wilson line (27) and the analogy between N¯ and A5 motivates the consideration
of
(31)W(y ′, y) = P exp
y ′∫
y
dz N¯,
or more explicitly
Wy ′,y = 1 +
y ′∫
y
dzNµ(z)∂µ +
y ′∫
y
dz1 N
µ1(z1)∂µ1
z1∫
y
dz2 N
µ2(z2)∂µ2 + · · ·
(32)+
y ′∫
y
dz1 N
µ1(z1)∂µ1
z1∫
y
dz2 N
µ2(z2)∂µ2 · · ·
zp−1∫
y
dzp N
µp(zp)∂µp + · · · .
Now W(y ′, y) defines a mapping from functions (scalar fields) on Σy to functions (scalar fields) on Σy ′ .
Explicitly, let φ(x) be a scalar field defined on the hypersurface Σy0 and consider
(33)φy = W(y,y0)(φ).
Then φy verifies the equation ∂yφy = N¯y(φy) and is subject to the boundary condition φy0 = φ. Let ξ(y) generate
a y-dependent 4D diffeomorphism then from the transformation of N¯ given in (15) we get
(34)δW(y ′, y) = ξ(y ′)W(y ′, y)− W(y ′, y)ξ(y),
which implies that indeed φy defined in (33) transforms under diffeomorphisms as δφy = ξ(y)(φy) if φ transforms
as δφ = ξ(y0)(φ). A convenient and useful way of writing (33) is
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where X(y,y0) is a mapping from the manifold Σy to Σy0 generated by N¯ , that is
(36)∂yXµ(y, y0;x)= Nµy (x), Xµ(y0, y0;x)= xµ,
which can be written as
(37)Xµ(y, y0;x)= W(y,y0)
(
xµ
)
,
(38)= xµ +
y∫
y0
dzNµ(z;x)+
y∫
y0
dz1 N
ν(z1;x)
z1∫
y0
∂ν
(
Nµ(z2;x)
)+ · · ·
the right-hand side of the first line being understood as the action of the W on the function xµ.
It is possible to extend W so that it maps tensors of arbitrary rank on Σy to tensors on Σy ′ . This is done with
the help of the Lie derivative as follows
(39)W(y ′, y) = P exp
y ′∫
y
dzLN¯ .
It reduces to the previous expression (31) when acting on scalars. The Leibnitz rule for the Lie derivative results in
a simple action of W on the direct product of tensor:
(40)W(y ′, y)(T1 ⊗ T2) =
[
W(y ′, y)(T1)
]⊗ [W(y ′, y)(T2)],
where T1 and T2 are arbitrary tensors on Σy . The commutation of the Lie derivative and the exterior derivative
when acting on forms translates also to the simple property
(41)d[W(y ′, y)(ωy)]= W(y ′, y)(dωy),
where ωy is an arbitrary form defined on Σy . The geometric interpretation of the map W is clear from Fig. 1: when
y and y ′ are infinitesimally close W maps the point P with coordinates x on Σy to the point Q with coordinates
xµ + δyNµ on Σy+δy .
We are now in a position of performing the discretization of the Einstein–Hilbert action along the y direction.
We replace y by ia with i an integer and a the lattice spacing. The fields are thus the metric on each site g(i)µν , the
lapse fields N (i) and the Wilson line W(i, i + 1) which, as in the gauge theory, replaces the shift vector. The y
derivative, as we noted in the previous section, appears in the continuum in the combination Dy . The Lie derivative
of a tensor field with respect to Dy can be written as
(42)LDyTy = lim
δy→0
W(y,y + δy)Ty+δy − Ty
δy
.
From this we see that the simplest discrete counterpart of the Lie derivative along Dy is
(43)∆LTi = W(i, i + 1)Ti+1 − Ti
a
.
It is now immediate to get the discretized Einstein–Hilbert action from (5)
(44)S = M3(5)a
∑
i
∫
d4x
√−giNi
[
R(gi)+ 14N 2i
(∆Lgi)µν(∆Lgi)αβ
(
g
µν
i g
αβ
i − gµαi gνβi
)]
.
The action is invariant under the product of all diffeomorphism groups associated to the points of the lattice. Under
such a transformation generated by ξi , the different fields transform as
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These reduce in the continuum limit to (14), (16) and (34). The explicit expression of the components of
W(i, i + 1)Ti+1 can be easily written down with the help of Xµ(i, i + 1;x), a mapping between the manifolds
at i and i + 1 which is the discrete counterpart of Xµ(y, y0;x) defined in (38). In fact, we have
(46)[W(i, i + 1)Ti+1]µ1,...,µr (x) = Ti+1
(
Xµ(i, i + 1;x))
ν1,...,νr
∂µ1X
ν1 · · ·∂µrXνr .
The variation of the action with respect to W(i, i + 1) amounts to a variation with respect to the mappings
Xµ(i, i + 1;x).
Notice that the action is not the most general action with the symmetries (45) since it descends from a 5D theory
which had also a reparametrization invariance along the y direction. This will have very important consequences
as we will show in the next section.
The same discretization procedure can be applied to action (21) yielding directly the action with canonical
kinetic terms for the metric on each sites
(47)
∑
i
M3(5)a
∫
d4x
√−γ(i)
{
R(γ(i))− 12γ
µν
(i) ∇µφ(i)∇νφ(i) + e−
√
3φ(i)Q(i)µνQ
(i)
αβ
(
γ
µν
(i) γ
αβ
(i) − γ µα(i) γ νβ(i)
)}
,
with
(48)Q(i)µν =
1
2
{
∆Lγ (i)µν − γ (i)µν
∆Lφ(i)√
3
}
.
Before closing this section let us note that a way to realize diffeomorphism invariance on every site has been
proposed in Ref. [10] with no a priori relation to an extra dimension. The procedure amounts to the incorporation
of maps between interacting sites. This is the analog of our W(i, i +1). Our construction shows that this map arises
naturally in the discretization procedure and allows to identify the continuum limit of the map with the shift vector
of the ADM decomposition. In fact in the continuum limit we have, from (38)
(49)Xµ(i, i + 1, x) = xµ + aNµ(y;x)+ O(a2).
Different approaches to the deconstruction of gravity theories relying mainly on the local Lorentz invariance in the
Cartan moving basis formalism have been considered in [15].
4. Spectrum of the action
This section is devoted to the determination of the propagating modes that are contained in the action (44) at the
quadratic level. Let us first make a naive counting of the degrees of freedom (d.o.f.) that arise from a generic action
with the symmetries we explicitly implemented in the action (44), with a finite number, N , of sites. We started with
N ×10 d.o.f. in the 4D metrics, N lapse fields and (N −1)×4 d.o.f. in the mappings W(i, i +1). The total number
of d.o.f. is thus 15 × N − 4. The action has local invariances with 4N parameters due to the 4D diffeomorphism
on the N manifolds, this reduces the number of d.o.f. to (15 × N − 4) − (4 + 4)N = 7N − 4. Out of these we
expect to have one graviton (2 d.o.f.) and N − 1 massive spin 2 particles (5N − 5 d.o.f.). The remaining degrees of
freedom are expected to be shared by a number of zero modes (scalars and vectors), which does not depend on N
but depends on the boundary conditions, as well as a number of massive scalars. The latter number depends on N
as 2N +c, where c is a constant which depends on the boundary conditions but which does not depend on N . These
scalars are potentially pathologic, they may lead to ghosts or tachyons. For a generic multigravity theory, ghosts
and instabilities do indeed appear [2,3]. The higher-dimensional theory we started with, before discretization, does
not have these pathologies. It is thus possible that the action (44) inherited the consistency of the continuum action.
The rest of this section is devoted to the proof that this is indeed the case at least to the quadratic order in the
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symmetry which removes 2N − 2 degrees of freedom.
In order to get the standard kinetic terms for the metrics, let us first perform a Weyl rescaling on the metric
in (44). So we define the metrics γ (i)µν and the scalars φ(i) by g(i)µν = exp(−φ(i)/
√
3 )γ (i)µν , N (i) ≡ exp(φ(i)/
√
3 ).
The next step is to expand the action around the vacuum
(50)γ (i)µν = ηµν +
1
Mp
h(i)µν, φ
(i) = ϕ
(i)
Mp
, Xµ(i, i + 1)= xµ + a
Mp
n
µ
(i),
and to keep the quadratic fluctuations in the fields. In (50), Mp is given by M2p = M3(5)a. We obtain∫
d4x
∑
i
1
4
{
∂ρh
µν
(i) ∂σ h
αβ
(i)
(
ηρσ ηµνηαβ − ηρσ ηµαηνβ + 2δσ(νηµ)βδρα − ηµνδσβ δρα − ηαβδσν δρµ
)
+
(
∆
(
h(i)µν −
ηµν√
3
ϕ(i)
)
− 2∂(µn(i)ν)
)(
∆
(
h
(i)
αβ −
ηαβ√
3
ϕ(i)
)
− 2∂(αn(i)β)
)(
ηµνηαβ − ηµαηνβ)
(51)− 2∂µϕ(i)∂νϕ(i)ηµν
}
,
where we have defined the finite difference operator ∆ acting on a field F(i) as
(52)∆F(i) = Fi+1 −F(i)
a
,
two spacetime indices between a parenthesis indicates a symmetrization on these indices weighted by a factor two,3
we have hαβ ≡ ηαµηβνhµν and h ≡ hαβηαβ . The equations of motion derived from this action read
0 = ∂α∂µh(i)αν + ∂α∂νh(i)αµ + ηµνh(i) −h(i)µν − ηµν∂α∂βh(i)αβ − ∂µ∂νh(i)
(53)+ ∆
(
∆
(
hαβ − ηαβ√
3
ϕ
)
− 2∂(αnβ)
)
(i−1)
(
ηµνη
αβ − δαµδβν
)
,
(54)0 = ∂µ
(
∆
(
h(i) − 4√
3
φ(i)
)
− 2∂νnν
)
− ∂ν
(
∆
(
h(i)νµ −
ηνµ√
3
ϕ(i)
)
− 2∂(νnµ)
)
,
(55)0 =ϕ(i) +
√
3
2
∆
(
∆
(
h− 4√
3
ϕ
)
− 2∂αnα
)
i−1
.
They correspond respectively to linearization of Eqs. (9), (8) and (7).
In order to exhibit the spectrum encoded in the action (51) it is convenient to perform a discrete Fourier
transformation. To each field F(i) with F(i+N) =F(i) we define Fˆ(k) by
(56)Fˆ(k) =
∑
j
1√
N
F(j)e−i2πjk/N .
The action (51) becomes∫
d4x
∑
k
1
4
{
∂ρhˆ
µν
(k)∂σ hˆ
∗αβ
(k)
(
ηρσ ηµνηαβ − ηρσ ηµαηνβ + 2δσ(νηµ)βδρα − ηµνδσβ δρα − ηαβδσν δρµ
)}
− 1
2
∑
k
∂µϕˆ
(k)∂ν ϕˆ
∗(k)ηµν − 1
4
(
∂µnˆ
(0)
ν − ∂νnˆ(0)µ
)(
∂µnˆν(0) − ∂νnˆµ(0)
)
3 That is to say F(µν) = 12 (Fµν +Fνµ).
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∑
k 	=0
1
a2
sin2
πk
N
{((
hˆ(k)µν −
ηµν√
3
ϕˆ(k)
)
− 2a∂(µnˆ
(k)
ν)
ei2πk/N − 1
)((
hˆ
∗(k)
αβ −
ηαβ√
3
ϕˆ∗(k)
)
− 2a∂(αnˆ
∗(k)
β)
e−i2πk/N − 1
)
× (ηµνηαβ − ηµαηνβ)
}
.
The spin two and one content of the action is easily read from the action. We have one massless spin 2 particle
given by hˆ(0)µν , one massless spin 1 particle nˆ(0)µ , one massless scalar φˆ(0) and a tower of massive spin two particles
with a spectrum given by
(57)m2k =
1
a2
sin2
πk
N
.
The action has the local invariances
(58)δhˆ(k)µν = 2∂(µξ(k)ν) , δnˆ(k)µ =
(ei2πk/N − 1)
a
ξ(k)µ ,
which show that for k 	= 0, the nˆ(k)µ are Stuckelberg fields which are absorbed by the massive spin 2 fields and do
not propagate. The invariances (58) are the linearized version of the invariance under 4D diffeomorphisms, they
are expected by construction. Less expected is the invariance under the local transformations
(59)δhˆ(k)µν = ηµνf (k), δϕˆ(k) =
√
3f (k), δnˆ(k)µ =
a
1 − e−i2πk/N ∂µf
(k), k 	= 0.
A generic multigravity theory with 4D diffeomorphism invariance on each site realized does not possess this
symmetry, which is inherited from the diffeomorphism invariance under the y reparametrizations in the continuum
theory. In fact the invariance under (59) eliminates, at the quadratic level, all except the massless, scalar modes φˆ(k).
It may also be used to eliminate the trace of the hˆ(k)µν proving the absence of ghostlike excitations. Associated to
this local invariance there is a constraint which removes one more set of scalars. At this point we note that while
the Pauli–Fierz action removes the ghost by hand, the above action removes it with the aid of a local symmetry; in
the gauge where ϕˆ(k) and nˆ(k)µ are zero the action reduces to the Pauli–Fierz form.
The scalar fluctuations are in fact potentially pathologic. This is mainly due to the fact that the conformal factor
has a kinetic term with the wrong sign, that is for a metric of the form g = e2ση, the Einstein action reads
(60)6
∫ (
∂eσ
)2
,
giving a ghostlike kinetic term for eσ .
In order to explicitly check the consistency of the action (51) it is instructive to isolate in (51) the scalar massive
modes which in addition to ϕˆ(k) are given by
(61)γˆ (k)µν = ηµνψˆ(k) +
∂µ∂ν fˆ (k), k 	= 0,
(62)nˆ(k)µ = ∂µvˆ(k).
At quadratic order in ψˆ(k), fˆ (k), vˆ(k) and φˆ(k), the action (44) now reads
∫
d4x
∑
k
{
3
2
∣∣∂ψˆ(k)∣∣2 − 1
2
∣∣∂ϕˆ(k)∣∣2 + 12 sin2 πkN
a2
∣∣∣∣
(
ψˆ(k) − ϕˆ
(k)
√
3
)∣∣∣∣
2
(63)+
[
3
a2
sin2
πk
N
(
fˆ (k) − 2avˆ(k)
ei2πk/N − 1
)(
ψˆ(k) − ϕˆ
(k)
√
3
)∗
+ c.c.
]}
.
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procedure is leading to tachyonic mass term for φˆ(k). We saw however that both problems disappear once one
carefully considers the invariances of the action (63) given in (58). The equations of motion derived from the above
action (63) now read
(64)ψˆ(k) = −8 sin
2 πk
N
a2
(
ψˆ(k) − ϕˆ(k)√3
)
− 2 sin
2 πk
N
a2
(
fˆ(k) − 2avˆ(k)
ei2πk/N − 1
)
,
(65)ψˆ(k) − ϕˆ(k)√3 = 0,
(66) ϕˆ(k)√
3
= −8 sin
2 πk
N
a2
(
ψˆ(k) − ϕˆ(k)√3
)
− 2 sin
2 πk
N
a2
(
fˆ(k) − 2avˆ(k)
ei2πk/N − 1
)
,
(67)∂µ
(
ψˆ(k) − ϕˆ
(k)
√
3
)
= 0.
One can explicitly verify that these equations are obtained from the full equations of motion (53)–(55). The first
three equations are respectively the equation of motion of ψˆ(k), fˆ(k), ϕˆ(k), while the last is the equation of motion
for ∂µvˆ(k) considered as a dynamical variable. Note that had we considered (as in Ref. [11]), vˆ(k), instead of ∂µvˆ(k),
as the dynamical variable, we would have obtained the equation of motion (ψˆ(k) − ϕˆ(k)/√3 ) = 0, instead of the
constraint (67) which eliminates the modes (ψˆ(k) − ϕˆ(k)/√3 ). This would not have been the equation of motion
obtained by varying the initial action (5) with respect to Nµ. The constraints (65) when put back in the action leads
to the cancellation of the kinetic terms of both ψˆ(k) and ϕˆ(k). It is possible to use the gauge invariance (59) to set
ϕˆ(k) = 0 for k 	= 0 and then use the 4D diffeomorphisms to eliminate also vˆ(k) and fˆ (0). The equations of motion
eliminate fˆ (k) for k 	= 0 as well as ψˆ(k) for all k.4 The only remaining scalar is thus the massless ϕˆ(0).
At the cubic and higher orders the symmetries (58) are not expected to hold anymore, neither an extension of
these. The cubic part of the action is the sum of the cubic part of the Einstein–Hilbert action and the additional
terms given by
MpS
(3) =
∑
i
(
∆
(
h(i)µν −
ηµν√
3
ϕ(i)
)
− 2∂(µn(i)ν)
)(
∆
(
h
(i)
αβ −
ηαβ√
3
ϕ(i)
)
− 2∂(αn(i)β)
)
×
{(
ηµνηαβ − ηµαηνβ)
(
1
2
h(i) − ϕ
(i)
√
3
)
− (hµνηαβ + ηµνhαβ − hµαηνβ − ηµαhνβ)
}
+ 2
(
∆
(
h(i)µν −
ηµν√
3
ϕ(i)
)
− 2∂(µn(i)ν)
)(
ηµνηαβ − ηµαηνβ)
×
(
−∆(hαβφ)
(i)
√
3
+ ηαβ
6
∆φ2(i) −
ηαβ√
3
nλ(i)∂λφ
(i+1) − 2√
3
φ(i+1)∂(αn(i)β)
(68)+ hαλ∂βnλ(i) + hβλ∂αnλ(i) + nλ(i)∂λh(i+1)αβ + a∂αnλ(i)∂βn(i)λ
)
.
The characteristic scale of these interactions is given by
√
NMp/a =
√
RM
3/4
(5) a
−5/4 when a > M−1p or else by√
N Mp = M3/2(5)
√
R. Notice however, that since at the quadratic order all the scalars (except ϕˆ(0)) decouple and
thus have no propagators, we have a non-standard action which starts at a cubic or higher-order level for these
modes. This deserves a further study.
4 That ψˆ(0) is eliminated can be seen from the full equations (53).
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